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J5 . Abstract 



We construct the classical VF-algebras for some non-abelian Toda systems asso- 
ciated with the Lie groups GL2n(I^) and Sp„(M). We start with the set of charac- 
^T) [ teristic integrals and find the Poisson brackets for the corresponding Hamiltonian 

' counterparts. The convenient block matrix representation for the Toda equations 

is used. The infinitesimal symmetry transformations generated by the elements of 
^ '. the VF-algebras are presented. 
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O '. 1 Introduction 

: 

The Toda systems constitute a remarkable class of two-dimensional integrable systems. 
Qh! According to the group-algebraic approach [1, 2] such a system is specified by the choice 
r-| ! of a Lie group G whose Lie algebra g is endowed with a Z-gradation. There exist so-called 
higher grading [3, 4] and multi-dimensional [5, 6] generalizations of the Toda systems. 

The 'space-time' for a Toda system is a two-dimensional manifold, and the 'field 
space' is the Lie group Go corresponding to the Lie subalgebra go of corresponding 
to zero value of the grading index. If the group Go is abelian the corresponding Toda 
system is said to be abelian, otherwise one has a non-abelian Toda system. There is a 
lot of papers devoted to abelian Toda systems, while non-abelian Toda systems are not 
very well studied yet. This is connected to the fact that until recently there was no a 
convenient representation for such systems. It was shown in paper [7] that some class 
of non-abelian Toda systems can be represented in a simple block matrix form. Later it 
was proven that it is the case for all Toda systems associated with classical semisimple 
Lie groups [8]. This led to the renewal of the interest to this class of integrable systems; 
see, for example, papers [9, 10, 11, 12]. 

In the present paper we investigate the symmetries of the simplest non-abelian Toda 
systems associated with finite dimensional Lie groups GL2n(IR) and Sp„(M). Actually for 
the systems under consideration there are an evident symmetry resembling the symmetry 
of a Wess-Zumino-Novikov-Witten (WZNW) model [13, 14] and the conformal symme- 
try. These symmetries do not exhaust all symmetries of the systems. More symmetries 
can be found using the so-called characteristic integrals whose existence is related to the 
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integrability of Toda systems. These integrals give an infinite set of the densities of con- 
served charges. The Hamiltonian counterparts of these conserved charges generate the 
required symmetry transformations. 

Thus, our strategy is as follows. We find the characteristic integrals for our systems. 
Then we proceed to the Hamiltonian formalism and find the Hamiltonian counterparts 
of the characteristic integrals and conserved charges. This allows us to find the form of 
infinitesimal symmetry transformations in the Hamiltonian formalism and write down 
their Lagrangian version. 

We show also that the set of characteristic integrals is closed with respect to the 
Poisson bracket and form an object usually called a classical H^-algebra. The distinctive 
features of such algebras is that their defining relations are essentially nonlinear and 
that they contain Virasoro algebras corresponding to the conformal invariance. The 
systematic study of W -algebras in the framework of general quantum conformal field 
theory was initiated by A. B. Zamolodchikov [15]. For a detailed review of the subject 
we refer the reader to paper [16]. 

Although our paper contains original results, in some parts it has character of a 
review. It is worth to note here that majority of the results on 1^-algebras for Toda 
systems was obtained by the method of Hamiltonian reduction that is based on the fact 
that Toda systems can be obtained if one starts with a WZNW model based on a Lie 
group G and then imposes relevant constraints on the conserved currents forming with 
respect to the Poisson bracket two copies of loop algebras associated with the Lie algebra 
Q [17, 18, 19]. Here the Toda 'field space' arises as a factor in the generahzed Gauss 
decomposition of the Lie group G, which is valid only for a dense subset of G. This 
results in that the true reduced system is difi^crent from a Toda system; see, in this 
respect, papers [20, 21, 22, 23, 24, 25, 26]. Such our conclusion is justified at least by the 
fact that the Toda systems have singular solutions corresponding to some nonsingular 
initial conditions, and that is impossible for a system being a reduction of a WZNW 
model which does not have such solutions. Thus, the results on Toda systems obtained 
with the help of the method of Hamiltonian reduction require verification. 

It seems to us that the direct method used in our paper is more appropriate to the 
problem under consideration than the method of Hamiltonian reduction. In particular, it 
allows to identify the generators of the Virasoro algebras describing the conformal proper- 
ties of the model with the Hamiltonian counterparts of the components of the conformally 
improved energy-momentum tensor which is constructed by a standard procedure. 



2 Toda systems 

In accordance with the group- algebraic approach [1, 2] the construction of equations 
describing a Toda system looks as follows. Let G be a real or complex Lie group whose 
Lie algebra Q is endowed with a Z-gradation, 

0=00m, [0 mi 0n] C Qm+n- 

Recall that for a given Z-gradation of g the subspace go is a subalgebra of g. The 
subspaces 

S<0 = 0m, 0>O = 0m 

m<0 m>0 
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are also subalgebras of g. Denote by Go, G<o and G>o the connected Lie subgroups of G 
corresponding to the subalgebras Qo, and £|<o and 0>o respectively. 

Let M be a real two-dimensional manifold. Introduce local coordinates on M and 
denote them by and z~^. One can also consider the case when M is a one dimensional 
complex manifold. In this case z~ is a complex coordinate on M and z^ is the com- 
plex conjugate of z~ . Let a_ and a+ be some fixed mappings from M to 0_i and 
respectively, satisfying the relations 

d+a_ = 0, d_a+ = 0. (2.1) 

Here and below we denote the partial derivatives over z~ and z~^ by 5_ and 9+. Actually 
we assume that the subspaces 0_i and g+i are nontrivial. Generally, if / is a positive 
integer such that the subspaces Qm are trivial for — / < m < and < m < I, one defines 
a_ and a+ as mappings from M to Q-i and g^i respectively. Restrict ourselves to the case 
when G is a matrix Lie group. In other words, assume that for some positive integer N 
it is a Lie subgroup of the Lie group GLjv(K) or of the Lie group GLAr(C). More general 
case is discussed in paper [27]. In the case under consideration the equations describing 
the Toda system are matrix partial differential equations of the form 

9+(7-'9_7) = [a-,7~'«+7], (2-2) 

where 7 is a mapping from M to Gq. Note that the equations (2.2) can also be written 
as 

9_(9+77-') = [7«-7~\«+]- (2.3) 

Parametrizing the group Go by a set of independent parameters, or, in other words, 
introducing some coordinates on Go, we can rewrite the Toda equations as a system of 
equations for ordinary functions, which we call Toda fields. 

If the Lie group Gq is abelian we say that we deal with an abelian Toda system, 
otherwise we call the system a non-abelian one. The complete classification of the Toda 
systems associated with the classical Lie groups is given in paper [8]. 

There is a constructive procedure of obtaining the general solution to Toda equations 
[2, 5, 6]. It is based on the use of the Gauss decomposition related to the Z-gradation 
under consideration. Here the Gauss decomposition is the representation of an clement 
of the Lie group G as a product of elements of the subgroups G<o, G>o and Go taken in 
an appropriate order. Another approach is based on the theory of representations of Lie 
groups [1, 2]. 

In this paper we consider the simplest examples of non-abelian Toda equations based 
on the Lie groups GL2„(IR) and Sp^^(R) [28, 6]. 

We start with the Lie group G = GL2n(IR). The case of the Lie group Sp^(M) will be 
considered in section 7. The Lie algebra g = 0l2„(]R) of GL2n(R) is formed by all real 
2n X 2n matrices. Below we represent an arbitrary 2n x 2n matrix x in the block matrix 
form 

where Xrs, r,s = 1, 2, are n x n matrices. 

Recall that an element q E Q is said to be the grading operator generating the Z- 
gradation under consideration if 

Qm = {x e q \ [q,x] = mx}. 
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In particular, any Z-gradation of a finite dimensional complex semisimple Lie algebra is 
generated by the corresponding grading operator. 

Denote by /„ the unit n x n matrix. It is easy to show that the element 

generates a Z-gradation of 0l2n(^)- Here the subspaces 0_i and g+i are the sets formed 
by all block strictly lower triangular and strictly upper triangular matrices of 0r2„(K), 
respectively, and the subspace go is the set of all block diagonal matrices of g[2„(IR). All 
other grading subspaces are trivial, and we have g<o = 0-i, S>o — 0+i- 
Hence, the general form of the mappings a_ and a+ is 

-ill)' «-(roO' 

where A_ and are arbitrary n x n matrix- valued functions on M satisfying the con- 
dition 

d+A_ = 0, d.A+ = 0. (2.7) 

In this paper we restrict ourselves to the case A_ = In and A^ = /„. 

It is not difficult to describe the corresponding subgroups G'<o, G'>o and Go of the Lie 
group GL2n(R)- The subgroups G<o and G>o consist of all block lower triangular and 
upper triangular matrices of GL2„(IR), respectively, with unit matrices on the diagonal. 
The subgroup Gq is formed by all block diagonal matrices of GL2n(IR)- 

Parametrize the mapping 7 as 

^=(C A)' ^'-'^ 

where F^^^ and F^'^^ are mappings from M to the Lie group GL„(M). With this parame- 
trization we write the Toda equations in the form 

= _rw-i r^2)^ a+(r(2)-i d.F^^^) = f^'^-' f^^\ (2.9) 

or in the form 

a_(a+r(i) f^'')-') = -r^^) a_(a+r(2) r^^)-!) = r^^) r^^^-i. (2.10) 

The exact general solution to these equations was obtained in paper [6]. 
One can get convinced that the transformations 

rw ^ vi+rWyi_, r(2) ^ a+f^^^a_, (2.11) 

where yl_ and yl+ are mappings from M to GL„(]R) satisfying the conditions 

d+A^ = 0, d-A+ = 0, 

are symmetry transformations for the system under consideration. This symmetry, by an 
evident reason, can be called a WZNW-type symmetry. 

The system possesses also the conformal symmetry. Here the conformal transforma- 
tions 

z- ^ C-(;^-), - C{z^) (2.12) 
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act on the space of solutions of the equations (2.9), or (2.10), in the following way [8]: 

r^'\z',z^) [d^c{^-)d+CH^^r'^'r^'\CH^^),Cin), (2.13) 
r(2)(^-,^+) ^ [d_c-{z-)d^C^{z+)]'/'r('\c^{z+),c-{z-)). (2.14) 

The WZNW-type symmetry and the conformal symmetry do not exhaust all symme- 
tries of the system. To find additional symmetry transformations we can use the following 
procedure. 

First we find conserved charges. In the case under consideration we have an infinite set 
of conserved charges provided by the so-called characteristic integrals. In the Hamiltonian 
formalism the conserved charges generate symmetry transformations. So, we construct 
the Lagrangian formulation for our system and then proceed to the corresponding Hamil- 
tonian description. After that we consider the symmetry transformations generated by 
the Hamiltonian counterparts of the conserved charges associated with the characteristic 
integrals, and finally obtain their Lagrangian version. This allows us, in particular, to 
obtain the WZNW-type symmetry transformations and the conformal transformations 
discussed above. 

3 Characteristic integrals 

A characteristic integral of a Toda system is, by definition, either a differential polynomial 
W of the Toda fields satisfying the relation 

d+W = 0, (3.1) 

or a differential polynomial W of the Toda fields which satisfy the relation 

d-W = 0. (3.2) 

By a differential polynomial we mean a polynomial function of the fields and their deriva- 
tives. 

Let us treat the manifold M as a flat Riemannian manifold with the coordinates z~ 
and z'^ being light- front coordinates and the metric tensor 77 having the form (A. 2). The 
usual fiat coordinates z° and z^ are related to the light-front coordinates z^ and z'^ by 
the relation (A.l). Using these coordinates we write the equality (3.1) as 

doW + diW = 0, 

where do = d/dz^ and di = d/dz^ . Hence, the function W is & density of a conserved 
charge. Moreover, multiplying W hy a. function which depends only on z~ we again obtain 
a characteristic integral. Therefore, a characteristic integral generates an infinite set of 
densities of conserved charges. Similarly, multiplying a characteristic integral satisfying 
the relation (3.2) by functions depending only on z'^ we again obtain an infinite set of 
densities of conserved charges. 

It is clear that any differential polynomial of characteristic integrals is also a charac- 
teristic integral. Moreover, the Poisson bracket of the Hamiltonian counterparts of any 
two characteristic integrals is again a characteristic integral. Therefore, a necessary step 
in investigation of characteristic integrals is to show that they form a closed set with 
respect to the Poisson bracket, or, in other words, that they form an object called a 
l^-algebra; see, for a review, [16]. 
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There are two main methods for obtaining characteristic integrals for Toda systems. 
The first one is based on the construction of a generating pseudo-differential operator; 
see, for example, papers [29, 30, 31, 17]. The second method is based on the usage of the 
so-called Drinfeld-Sokolov gauge; see, for example, papers [32, 17, 18, 19]. In the present 
paper we use the latter method. 

It is well known that Toda equations (2.2) can be obtained as the zero curvature 
condition for some connection on the trivial principal fiber bundle M x G — > M [1, 2]. 
We identify the connection under consideration with a g-valued one-form u on M. Using 
the basis formed by the 1-forms d^~ and dz"*", we write 

where the components uj_ and uJj^ are g-valued functions on M. The curvature of the 
connection uj is zero if and only if 

da; u; A u; = 0, (3.3) 

or, in terms of the components, 

— -|- [a;_, a;+] = 0. (3.4) 
If we consider the components a;_ and a;+ of the form 

a;_ = a_ 7~-^9_7, a;+ = 7"-^a+7, (3.5) 

then the zero curvature condition (3.4) is equivalent to the Toda equations (2.2). 

Recall that the zero curvature condition is gauge invariant. It means that if a connec- 
tion UJ satisfies the relation (3.3), then for any mapping : M ^ G the gauge transformed 
connection 

satisfies the relation (3.3) as well. In terms of the components one has 

oof. — ijj~^u}-.ijj + ijj~'^d-ijj, uj'^ — ijj~^u}+ijj + ijj~'^d+ijj. 

In particular, if we consider the connection with the components given by (3.5) and choose 
■0 = 7"^ we will come to the connection, which we also denote by u, with the components 

a;_ = 7a_7~"^ a;+ = —d+jj~^ + a+. (3.6) 

And the zero curvature condition (3.4) gives the Toda equations written in form (2.3). 

Let us return to our specific example of Toda equations. Write the components cu- 
and UJ+ defined by (3.5) in the block matrix form 

where we denoted 

jjiy ^ r(^)-ia_r(i), u^y = r(2)-ia_r(2). (3.7) 
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Now consider the gauge transformation generated by a mapping tjj : M ^ G>o- The 
general form of such a mapping is 



In X 

/„ 



For the component cut. we obtain the expression 



- X - X) X - X ^y + d-X 



The Drinfeld-Sokolov gauge [32, 17, 18, 19] in our case is fixed by the requirement 
It is clear that this requirement gives 

x-li^'y-^^), 



and we obtain 



where 

= -K{Ey + ri^)), W2 = -K^ Q {d.E^ - d^E^) - E^E^^)^ , (3.8) 

and K is a constant. We introduced the constant k in the definition of the quantities W\ 
and W2 for future convenience. Actually we will identify it with the constant entering 
the action of the Toda theory. 

For the component we have the expression 



Therefore, if F^^'^ and F^"^") satisfy the Toda equations (2.9) then uj^ = 0, and the zero 
curvature condition gives 

d+ut = 0. 

This equality implies that 

d+Wi = 0, d+W2 = 0. (3.9) 

Thus, the quantities Wi and W2 are matrix characteristic integrals of the Toda system 
under consideration. 

As wc have already noted, any differential polynomial of characteristic integrals is a 
characteristic integral. Therefore, they form a differential algebra. The generators of this 
algebra, the matrix elements of Wi and W2 in our case, can be chosen in different ways. 
Our choice is inspired by an intention to get simple expressions for Poisson brackets. 
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One can also start with the connection components of the form (3.6). Performing the 
gauge transformation with ^0 : M — > G'<o, 

In 



where 
we obtain 



where 



\ 



(3.10) 



(3.11) 



For the component oft one has 











a;: 



1 



r(2)r(i)-i + - {d.E^l^ - d^Ef) 



and the Toda equations (2.10) give cut — 0. The zero curvature condition imphes that 



d-Wi = 0, d-W2 = 0, 
and we end up with another set of characteristic integrals. 



(3.12) 



4 Lagrangian formalism for Toda systems 

To write the action describing a Toda system wc must be able to integrate over the 
manifold M, in other words, we have to define a volume form. To this end, as in the 
previous section, we treat the manifold M as a flat Riemannian manifold with a metric 
tensor rj. The next ingredient needed is a nondegenerate symmetric invariant scalar 
product in the Lie algebra Q. We assume that g is endowed with such a scalar product 
and denote it by 5. 

The action functional SIj] of a Toda system is the sum of three terms: 

sb]^Scb] + Swzb] + STb]. 

Let us discuss them in order. 

The first term Sci'y] is the action functional of the principal chiral field model. Using 
some arbitrary coordinates on M, denoted by z\ we write 
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where k is a constant. Note that if 7 is a mapping from M to Go, then j~^dij is a 
mapping from M to go- 

The second term is the so-called Wess-Zumino term which is constructed as follows. 
SupposeJ;hat the manifold M is the boundary of the three-dirnensional manifold M, 
M = dM. Let 7 be an extension of the mapping 7 from M to M. The Wess-Zumino 
term is 

where ? are some coordinates on M and e^"^^ is the absolutely skew-symmetric symbol. 
It can be shown that the variations of the Wess-Zumino term are determined by the 
mapping 7 only. Hence the corresponding equations of motion govern the mapping 7, 
leaving the extension 7 arbitrary. It is an example of the so called multi- valued functional, 
and so, we write just (SwzH instead of -S'wzfT]- 

The last term is the Toda term, which has the form 



5't[7]=k / -B(a_,7 '^a+'y)^/\r)\d'^z. 
Jm 



Here a_ and a+ are fixed mappings from M to g_i and g+i, respectively, satisfying the 
conditions 

( V'^ + e'^) dja+ = 0, ( v'^ - e'^) djU- = 0. (4.1) 

The action functional of the WZNW model is the sum of the functionals 5'c[7] and 5'wz[7]- 
The functional St does not contain derivatives of 7. Therefore, the construction of the 
Hamiltonian formalism for a Toda system is a trivial modification of that for the WZNW 
model. 

Let us show that the action SIj] does really give the Toda equations. One finds 
consecutively 



5Scb]=K I B ( 7-i<57,^9,(v^ 77*^' 7-^9,7) ) v^d^^, (4.2) 

SS^zb] =K f B ir~^-^5-i,^e'^di{r^dj-i) \ ^\d.^z, (4.3) 
JM \ vlr^l J 

6STb] = Kf 5(7-157, [a_,7-V7])\^dV (4.4) 



Jm 

To obtain from these relations the equations of motion one should use the fact that the 
restriction of the scalar product B to the Lie subalgebra go is nondegenerate. To show 
this let us take two elements, and Xn, belonging to Qrn and g„ respectively. From 
(B.18) it follows that 

B{[Xm, q],Xn) = B{Xm, [q, Xn\), 

and one obtains 

(m + n)B{x„i,Xn) = 0. 

Therefore, B{xm,Xn) = if n + m 7^ 0. This implies that the restriction of the scalar 
product B to go is nondegenerate indeed. Note also that 
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and that B gives a nondegenerate pairing of the nilpotent subalgebras 0<o and 0>o. 

Since the scalar product Blg^ is nondegenerate, the relations (4.2)-(4.4) give rise to 
the following equations of motion 

^ a,(^77'^' 7-^a,-7 + e*^7-^a,-7) + [a_, 7-^0+7] = 0. (4.5) 



V\ 

Using light-front coordinates, one sees that these equations coincide with the Toda equa- 
tions (2.2). Here the conditions (4.1) coincide with the conditions (2.1). Rewriting the 
equations (4.5) as 



m 

and using light-front coordinates, we come to the equations (2.3). 

It is convenient now to introduce some coordinates in Go and work in terms of 
fields defined as 

e = ?/'^o7 = 7V- 

Let g be the matrix- valued function which transforms the coordinates y^{a) of the element 
a & Go into the element a itself, then we can write 

7 = 5(0- 

Therefore, one has 

where {cq} is a basis of go, and the functions 9"^ are defined in appendix B. Using this 
relation, we obtain for the density of the Lagrangian of the principal chiral field model 
the expression 

where the quantities Ca/s are given by (B.19). Introducing the notation 

h,,{y)^c^f,9'^^{y)9^M: (4-6) 
we write the density of the Lagrangian Cc as 

Note that h^v{y) are the components of the bi- invariant metric tensor on the Lie group Go- 
The Wess-Zumino term can be written as 



[7] = -« / ' 

J M 



7*e, 



where the three- form © is given by the relation (B.21). Using the local representation 
(B.22), we obtain 



'wzM = -K / 7* A, 

J M 



that gives 
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Finally, for the contribution to the density of the Lagrangian of the Toda system, which 
is due to the term <S't[7], we have 



Collecting all terms, we come to the following expression for the density of the Lagrangian 
of a Toda system 

^ = ~VW\h,.{0 V'' di^djC - f KAO d.^djC - i^VWlViO- (4-7) 

Let us restrict ourselves to the case when the mappings a_ and a+ are constant. In 
this case the Toda system under consideration is conformally invariant, and it is possible 
to define the energy-momentum tensor for it being symmetric and traceless. Recall that 
there are two standard methods to define the energy-momentum tensor. The first method 
is the variation of the action over the components of the metric tensor that gives the so- 
called symmetric energy-momentum tensor. Note that in our case the Wess-Zumino term 
does not depend on the metric, therefore it does not give a contribution to the symmetric 
energy-momentum tensor. It may seem to be strange at the first glance. To demonstrate 
that this is however the case, we start with the canonical energy-momentum tensor T^j 
which is defined by 

It is convenient to write the expression for the components of the energy-momentum 
tensor with upper indices. We have 



Consider the terms containing X^uiO- They can be written as 

The sum e'^'^r]''^ + e^^rf^ + ^ki^tj totally antisymmetric with respect to the indices i, k 
and I. Since we work in a two-dimensional space-time, this sum is equal to zero, and we 
can write 

Thus, the canonical energy-momentum tensor of a Toda system has no terms arising 
from the Wess-Zumino term. It can be shown that it coincides with the symmetric 
energy-momentum tensor. For the symmetric energy-momentum tensor one has 

T'^.,i = 0, 

where the usual notation for the covariant derivatives with respect to the metric tensor 
T] is used. In terms of the mapping 7 we obtain 



11 



The trace of the obtained energy- momentum tensor is different from zero, namely, 

n = 2/^B(a_,7-^a+7). 

Let us construct the so-called conformally improved traceless energy-momentum tensor. 
To this end first note that since the mapping a_ takes values in one can write 

S(a_,7"^a+7) = a_], 7-^0+7) = -B{q, [a_, 7-^0+7]). 

Taking into account the equations of motion (4.5), we see that 



S(a_, 7-^0+7) = ^ B{q, di{y/W\v''r%l + e''r%l)), 
that, with account of the equality 

fe,7] =0, 



can be written as 



S(a_,7-'a+7) = y/Wlv'^^'dj^), 



Thus the trace of the energy-momentum tensor can be represented in the form 

i — ^-K 

where 

R' = KB{q, rf^ -i'^dj-j) = rf^ 9^-77"^). 

Now let us use the well-known fact that the energy-momentum tensor is defined 
ambiguously. In particular, one can use instead of the tensor T^^ the tensor 

J^lij — J'ij _|_ S^'^-'-k 
where the components S^''^ satisfy the relation 

It is clear that one has 

T''^.i = 0. (4.8) 
One can easily check that with the choice 

we obtain a traceless and symmetric tensor T'*-' . This is the conformally improved energy- 
momentum tensor for the Toda system. 

Using coordinates for which the components of the metric tensor are constant, we 
come to the expression 

+ 2KB{q,di{^-'dj-f)) - Kr)ijri''B{q,dki-f-'da)). 
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Since, the natural coordinates for a two-dimensional conformally invariant system are 
light-front coordinates let us write the components of the conformally improved energy- 
momentum tensor using such coordinates. First of all recall that since the conformally 
improved energy-momentum tensor is symmetric and traceless then 

T'_^ = 0, r;_ = 0. 

Therefore the relations (4.8) take the form 

d^T'__ = 0, 9_r;+ = 0. (4.9) 

It is convenient to choose the following explicit expressions for the nonzero components: 

T'__ = kS(7-^9_7,7-^9_7) + 2kS(5,9_(7-^9_7)), (4.10) 

n+ = «:S(a+77-\5+77-') + 2«:S(g,9+(a+77"i)). (4-11) 

For the Toda system discussed in section 2 we define the scalar product B by the 
relation 

B{x,y) =ti{xy). (4.12) 

It is clear that this scalar product is symmetric, nondegenerate and Ad-invariant. Taking 
into account the relations (2.5), (3.7) and (3.10), we obtain 



T' =Ktr 



r|+ = /«tr 



The definitions (3.8) and (3.11) allow us to write 

T'__ = - tr \Wl -2W2], T|+ = - tr [I?? - 2 W2] ■ (4.13) 

Here the equalities (4.9) can be considered as consequences of the relations (3.9) and 
(3.12). 

5 Hamiltonian formalism 

In this section we follow mainly the paper by P. Bowcock [33] where the Hamiltonian 
formulation of the WZNW model and its gauged version was investigated. The approach 
used in [33] is based on usage of a local representation of the closed three-form entering 
the definition of the action, as an exact form. Actually we used this trick in the previous 
section to construct the density of the Lagrangian. The validity of such a local construc- 
tion is justified by the fact that the final Hamiltonian equations do really imply the initial 
Lagrangian equations. 

Consider again a general Toda system. Assume that t — z*^ and x — are fiat 
Minkowski coordinates on M. In these coordinates one has 



-1 
1 
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The expression for the density of the Lagrangian (4.7) takes the form 

Here and below we denote dt = d/dt and dx = d/dx. The density of the energy functional 
is 

C/L K K 

e- = - >c = - d,edtc + 2 v(0 ^x^^xr + (s.i) 

For the generalized momenta one has the expression 

We can write the inverse relation which expresses the generalized velocities dt^^ via the 
generalized momenta: 

K 

where 

Substituting the above expression for dt^'^ into the relation (5.1), we obtain for the density 
of the Hamiltonian the following expression: 

Recall that the nonvanishing Poisson brackets for the fields ^'^ and the generalized mo- 
menta TT^ have the form 

mx),n,{x')} = 6i:6{x-x'). 

Using this relation, one can write the Hamiltonian equations of motion and prove that 
they are equivalent to the Lagrangian equations of motion. 

The phase space of the system is described by the fields and the generalized mo- 
menta TT^. They depend on the choice of the coordinates y'^ in Gq. To describe the phase 
space in terms independent of this choice, consider first the quantities 

where the functions X^(?/) are defined by (B.7). As is shown in appendix C, the Poisson 
brackets for the quantities ja{x) are 

{3a{x),3i}{x')} = j^x) Pap 5{x - x') - 2k Cap 5' {x - x') . (5.2) 

Thus, we have a realization of the so-called current algebra. 
It is also convenient to consider the quantities 

3a = -mi) K + ^ Kpii) - Ca, 9;{0 dx^: 

where the functions 0'^{y) are the components of the right invariant Maurer-Cartan form 
of Go and the functions X^{y) are defined by the equality (B.ll). One can show that 

{3a{x)jf3{x')} = -Jj{x) PapS{x - X') + 2KCafs5'{x - X') (5.3) 
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and that 

{ja{x),Mx')}^0. (5.4) 

The main relation used here is the equahty (C.4). 

Now, using the definition (4.6) of hi^^{y), we obtain 

h^''{y) = Xli{y)c^''X^^{y), 

where 

C C^p — Op. 

The above equahty allows us to demonstrate that 

Further, the relation (B.20) leads to another representation of hn,^{y) and h^'^{y): 
Using these relations we find 

It becomes clear that the density of the Hamiltonian Ti can be written in the Sugawara 
form [34, 35]: 

-H = j;;[c"^JaJ(3 + c"^3.30] + KV{i). (5.5) 

The quantities ja and ja do not depend on the choice of coordinates y^ in the Lie 
group Go but they depend on the choice of the basis {cq}. To get rid of this dependence 
introduce the matrix-valued quantities 

Note that j and J are the Hamiltonian counterparts of the quantities —K'y^^d-'f and 
— «;9+77~^ respectively. 

Our next task is to rewrite the relations (5.2)-(5.4) in terms of Poisson brackets of 
the matrix-valued quantities j and J. Actually we will consider j and J as functionals 
on the phase space of the system taking values in the associative algebra Matjv(R). The 
corresponding definition of the Poisson bracket for algebra-valued functionals on a phase 
space and its main properties are discussed in appendix D. 

Consider the element C e 0o ® 0o defined as 

C = e„ ® c"^. (5.6) 

Introducing the notation 
we can write 

C = e" (g) e'^ Cap = e° = (g) e". 
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Using the relation 

[C, ® In] = [In ® e\ C] = f\p ® e^, 

we obtain 

{3{x) ® j{x')} = -[CJn®3{x)]5{x-x')-2kC5\x-x'), (5.7) 
{j{x) ®j{x')} = [C,In®j{x)]5{x-x') + 2kC5\x-x'), (5.8) 
{j{x) j(x')} = 0. (5.9) 
Using the relation (B.13), we come to the equality 

{'y{x)Ja{x')}^ --f{x)eaS{x - x') 

that gives 

{7(;2;) (g) j{x')} = - (7(x) (g) In)C6{x - x'). (5.10) 
Similarly, the relation (B.14) implies 

{^(x) j{x')} = - C (7(3;) In) S{x - x'). (5.11) 

It is also clear that 

{-f{x) 7(x')} = 0. 
Taking into account (5.5), we obtain 

n = ^[B(j,j) + B(j,j)] - «S(a_, 7-^0+7). 

It is not difficult to write down the corresponding Hamiltonian equations. If we choose 
as the basis quantities describing the phase space of the system the quantities 7 and j, 
we come to the equations 

da ^d^-f -- -fj, dtj = -d^j - K[a_, 7"^a+7]. (5.12) 

K 

In the case when the quantities 7 and J are chosen as the basis quantities, one obtains 
da = -d^-f - -J7, 9j = - K[7a_7~\a+]. (5.13) 

It is clear that the obtained Hamiltonian equations are equivalent to the Toda equations 
(2.2) and (2.3) respectively. 

6 VF-algebra 

In this section we return again to the Toda system defined in section 2 and find the 
Poisson brackets for the characteristic integrals given in section 3. Recall that the Lie 
group Go in the case under consideration is isomorphic to the direct product of two copies 
of the Lie group GL„(]R), and the Lie algebra Qq is isomorphic to the direct product of 
two copies of the Lie algebra 0[„(M). 
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The standard basis of the Lie algebra 0t„(M) consists of the matrices , i, j = 1, . . . ,n, 
defined as 

Certainly, these matrices form a basis of the algebra Mat„(R), too. The main property 
of these matrices is provided by the relation 

Using this relation and the equality 

tr(ei) = 5i, 

one obtains 

A natural basis of the Lie algebra Qq is formed by the matrices 

Recall that we assumed the Lie algebra Qq in the case under consideration to be equipped 
with the scalar product B defined by the relation (4.12). Therefore, we have 

Prom the natural block matrix structure of the space 0o "X) 0O) we see that the element C 
introduced by (5.6) has in our case the form 

where the element C„ G 0tn(^^) ® 0^n(^^) defined by the relation 

Cn = (g) e/. 

One can verify the validity of the equalities 

Cn{e/ ek) = ® e/, (e/ ® efc')C„ = e/ (g) e^^'. 

These imply that the action of the permutation operator P on glji(M) ® gljj(M), or on 
Mat„(R) (8) Mat„(R), can be realized with the help of the element C as 

P{a 6)=: C„(a (g) b)Cn. 

Note also that 

Cl^In® lu- 
ll is quite natural to use for the mapping 7 the parametrization (2.8) and for the 
quantities j and j the parametrizations 

\ 
) , - 1 
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where the functions j'^^^ and ^7^^^ r = 1,2, take values in 0[„(R). It is clear that the 
relations (5.7)-(5.9) can be written now as 

{J^''\x) ® J^'\o^)) = - ([C„, J„ ® J^'-\x)] 6{x - x') + 2KCn6'{x - x')) 6'% (6.2) 
{j'-'^x) (8) J^'\x')} ^ {[CnJn® J^''\x)]S{x - x') + 2KCnS'{x - x')) 6'% (6.3) 

{J^'\x) ^ J^'\x')}^0, (6.4) 

and the relations (5.10) and (5.11) take the forms 

{r«(x) ® J^'\x')} = - (r('-)(x) /„) Cn5{x - x') 5'', (6.5) 

{rW(x) j(^)(x')} = - c„ (r('^)(x) ® /„) 5(x - x') 5''. (6.6) 

The Hamiltonian equations of motion (5.12) are now of the forms 

K 

dtr^^^ = a,r(2) - - r^^) a* j^^) ^ j(2) _ ^ j^(i)-i j^(2)^ 

while for the equations (5.13) we have 

K 

Let us find Hamiltonian counterparts of the characteristic integrals Wi and W2 defined 
by the relation (3.8). There is no problem with the characteristic integral Wi. Its 
Hamiltonian counterpart obviously is 

The characteristic integral W2 contains higher time derivatives and has no direct Hamil- 
tonian counterpart. However, here one can use the fact that characteristic integrals are 
defined up to terms vanishing at the equations of motion. Therefore, one can use the 
equations of motion to get equivalent characteristic integrals which do not contain higher 
time derivatives. 

For the case under consideration, using the definition (3.7), the equations of motion 
(2.9) and the equality 

9_ = 9+-29„ 

we obtain 

Hence, the Hamiltonian counterpart of the characteristic integral W2 is 

W2 = j^'^j^'^ - K (a, - d^j^'y) + r(i)-ir(2). 

The Poisson bracket for the characteristic integral Wi follows directly from (6.2): 

{yVi{x) yVi{x')} = - [Cn, In ® m{x)] 5{x - x') - AKCnS'ix - x'). (6.7) 
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The calculations needed to obtain expressions for other Poisson brackets are more com- 
plicated. The main formulas are presented in appendix E. The final result is 

{Wi{x) ® W2{x')} = - [Cn, In ® mix)] 6{x - x') 

- K 4 ® m{x')]+ S'{x x'), (6.8) 

{W2{X) (g) W2{x')} = {In «) m{x)) Cn {In ^ >Vi(x)) 5{x - x') 

- {In (8) W,{x)) Cn {In ® ^{x)) S{x - x') 

-'^[Cn:In®dlWl{x)]d{x-x') 
+ K [Cn, In ® (W2(X) + m{x'))\+ 5' {x - x') 
-K{In® Wi{x)) Cn {In ® 8' {x - x') 

-K{In® Wi{x')) Cn {In ® Wi{x')) 5' {x - x') 

+ ^ [Cn, In ® (>Vi(x) + Wi(x'))] 5"{x - x') + Ak^ Cn 5"' {x - x'). (6.9) 

Some terms of the last formula can be combined into a commutator. Actually it would 
give a more compact expression. Nevertheless, we prefer to use the above form of the 
expression which is more convenient for the comparison with the case considered in the 
next section. After some redefinitions one can get convinced that the obtained expres- 
sions for the Poisson brackets of the characteristic integrals coincide with the expressions 
obtained via the method of Hamiltonian reduction [36]. Our direct rederivation of these 
expressions can be considered, in particular, as the verification needed by the reasons 
given in the introduction. 

The Hamiltonian counterparts of the characteristic integrals Wi and W2 are 

= jf ('^jf + K {d^j^'^ - a, + «;2j.(2)^(i)-i^ 

and the Poisson brackets for them look as 

{>Vi(x)® >Vi(x')} = [CnJn®y^l{x)]5{x - X') + AKCn5'{x - X'), (6.10) 

{Wi{x) ® W2{x')} = [Cn, In ® ^^2{x)] 5{x - x') 

+ K [Cn, In ® >Vi(x')]+ 8'{X - X'), (6.11) 
{m{x) ® W2{x')} ^ - {In® m{x)) Cn (4 ® Wl{x)) 5{x - x') 
+ {In ® Wl{x)) Cn {In ® ^2(2;)) 8{x - x') 

+ '^[Cn,In®dlV^,{x)]5{x-x') 

- K [C„, /„ ® {W2{X) + yS^2{x'))]+ S'{X - X') 
+ K{In® Wl{x)) Cn {In ® Wi(x)) 5' {x - x') 
+ K{In® Wi{x')) Cn {In ® >Vi(x')) 5' {x - x') 

- ^ [Cn, In ® {m{x) + Wi{x'))] 5"{x - x') - Cn 5"' {x - x'). (6.12) 
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Here we again write the result of our calculations in the form which is convenient from 
the point of view of the example considered in the next section. 

Let us find the Poisson bracket for the Hamiltonian counterparts and of the 
components T'__ and T^^ of the energy-momentum tensor. It is known that they are the 
generators of the conformal transformations. 

As follows from (4.13), one has 

T_ = - tr \Wl - 2W2] , ^++ = - tr [Wl - 2>V2] . 
To find the Poisson brackets in question, we start with the relation 

{Wiix) ® Wi{x')} = -[Cn,In^yVl{x)]5{x-x')-AK[Cn,In^m{x)]+S'{x-x'). (6.13) 

This relation gives 

{W^{x) ® Wlix')} = - [C„, /„ ® W!{x)] 6{x - x') 

- [Cn, m{x) yvUx)] s{x - x') 

- 2n [Cn, In ® {Wi{x)d,Wi{x) - d^m{x)yVi{x))\ 5{x - x') 

- 2k [Cn, In ® {Wl{x) + Wl{x'))]+ 5\X - x') 

- 4KCn {m{x) ® m{x) + m{x') ® m{x')) s'{x - x'). (6.14) 

For any Mat„(R)-valued functionals F and G one obtains 

{trF,trG} =tr{F (g) G}. 

Besides, for any a, 6 e Matn(]R) one has 

tr(a (g) 6) = tr a tr 6, 

and 

tr(C„(a (g) b)) = tr((a h)Cn) = tr(a6). 
Using these relations, we obtain from (6.14) the equahty 

{tr>Vi(a;),tr>Vi(x')} = - SK{iYWl{x) + irWl^x')) 5\x - x). (6.15) 

The relation 

{Wl{x) ® W2{x')] = - [Cn, Wi{x) ® W2{x)] 6{x - x') 

- Cn {In Wi{x)W2{x) - W2{x)Wi{x) /„) 5{x - x') 
-K [Cn, Wiix) ® Wi(x')]+ S'{X - X') 

-nCn {In ® >Vi(a;)>Vi(a;') + >Vi(a;')>Vi(a;) ® In) 5\x - x') (6.16) 
helps us to obtain that 

{tr>Vi(a;),tr>V2(a;')} = - 2k {ii Wl{x) + ii yvl{x')) 5\x - x). (6.17) 
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Further, the relation (6.9) gives 

{tryV2{x),trW2{x')} = 2k {trm{x) + trW2{x'))6'{x-x') 

- K (tr + ItWHx')) 5'{x - x') + AK^n5"'{x - x'). (6.18) 

Taking into account the relations (6.15), (6.17) and (6.18) we get 

{T_{x),r_{x')} = - 4 (r_(x) + T^{x')) 5\x - x') + l&Kn5"'{x - x'). 

In a similar way we come to the equality 

{T[^{x),T[^{x')} = 4 (r;+(x) + r;+(x')) 5\x - x') - lQKn5"'{x - x'), 

and it is evident that 

It is clear from these relations that the quantities 

V{x)^\r_{x), V{x)^\t;4x) (6.19) 

are generators of two copies of the Virasoro algebra: 

{V(x), V{x')} = - {V{x) + V{x')) 5\x - x') + Kn5"'{x - x'), 
{V{x),V{x')} = {V{x) + V{x')) S'{x - x') - KnS"'{x - x'), 
{V{x),V{x')}^0. 

The generators V{x) and V(x) produce infinitesimal conformal transformations via 
the following standard procedure. Let us define 

V,{t) = J dxe{t,x) V{t,x), 

where e is an arbitrary infinitesimal function on M which satisfies the relation 

d+£ = dts + dx£ = 0. 

Actually, is an integrated characteristic integral, therefore, it does not depend on t. 
Consider the infinitesimal transformations defined for an arbitrary observable F{t) as 

5F{t)^{VM.m}- 

It can be shown that these transformations are the infinitesimal version of the conformal 
transformations described by the relation (2.13), (2.14) with C^(-2^) ~ z'^ ■ Similarly, the 
quantities 

%{t) = j dxe{t,x)V{t,x), 

where 

d-S = dts — dxS = 0, 

generate the infinitesimal conformal transformations described by the relation (2.13), 
(2.14) with C,~{z') = Z-. 
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Now we will find the conformal weights of Wi and W2. Recall that a field ^{x) has 
the conformal weight h with respect to V{x) if 

{V{x),${x')} = - {${x) + {h- iMx')) 6'{x -x') + ..., 

where the dots stand for possible central terms, and it has the conformal weight h with 
respect to V{x) if 

{V{x),<P{x')} = {<P{x) + {h- l)<P{x')) 6'{x -x') + .... 

Introduce two mappings tri and tr2 from Mat„(]R) Mat„(M) to Mat„(]R) given by 

tri(a (8) &) = (tra)6, tr2(a <^b) = a{trb). 

It can be verified that these mappings satisfy the relations 

tri(Cn(a (8) b)) — ab, tri((a (8) b)Cn) — ba, 
tr2(Cn(a ® b)) = ba, tr2((a ^ b)Cn) — ab. 

For any Mat„(]R)-valued functionals F and G one has 

tri{F (8) G} = {trF G}, tr2{F (8 G} = {F trC}. 

Using the above relations, one obtains from (6.13) and (6.8) the equalities 

{tiW^ix) ® Wi{x')} = - 8kWi{x) S{x - x'), 
{tr>V2(x) (8 Wi{x')} = - 2kWi{x) 5{x - x'). 

Hence, we come to the relation 

{V(x) ® Wi(x')} = - Wi(x) 5'(x - x'). 

From the relation (6.16) we obtain 

{tiWlix) ® W2{x')} = - 2 {Wi{x)W2{x) - W2{x)Wi{x)) S{x - x') 

- 2k {W^{x) + S'{x - x'), 

and the equality (6.9) gives 

{trW2{x) ® m{x')} = -{m{x)W2{x) -W2{x)m{x))6{x-x') 

- K {Wl{x) + Wl{x')) 5'{x - x') + 2k {W2{x) + mix')) 5'{x - x') + Ak^ /„ 5"'{x - x'). 
Consequently, one has 

{V{x) (8 mix')} = - {mix) + W2{x')) 5'{x - x') - 2k^ b"'{x - x'). 

Thus, the characteristic integral Wi has the conformal weight 1 and the characteristic 
integral W2 has the conformal weight 2 with respect to V(x). Similarly, we obtain that 
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the characteristic integral Wi has the conformal weight 1 and the characteristic integral 
W2 has the conformal weight 2 with respect to V{x). 

In the end of this section we find the form of the infinitesimal symmetry transforma- 
tions generated by the characteristic integrals. First consider the quantity 

W,{t)^ J dxtr[ei{t,x)Wi{t,x)+S2{t,x)W2it,x)], 

where Si and £2 are arbitrary infinitesimal matrix- valued functions on M satisfying the 
relations 

d+€i = dtEi + = 0, 8+62 = 8162 + 8^62 = 0. 

The infinitesimal transformations generated by Ws{t) written in the Lagrangian form are 

s^r^i) = r^i) _ ^r(i) r^'^-' d.r^'^ £2 - 1 r(^) 8.82, (6.20) 

^^^(2) ^ ^(2) _ ^ ^(2) ^(l)-l ^_^(l) ^ 1 ^(2) ^g_21) 

According to (6.7)-(6.9), the generators satisfy the relation 

{w„m} = mM + c{i,,u), (6.22) 

with the infinitesimal matrix-valued functions and the central extension term being 

6i{n, V) = [Hi, Vi] + K Z/2]+ + [/i2, 8^Vi] + ) 

- K {8^V2 Wi II2 - ^2 >Vi 8:^iX2) - ([^^A*2, " [5a;A*2, 8^V2\ ^ [/X2, ^^2^2]) , 
£2(A«, i^) = [A*1, i^2] + [A*2, i^l] + (A«2 >Vi i/2 " i^2 Wl A*2) + « ([A«2, d^V^^^ - [9^//2, 1^2]+) , 

C(/x, I/) = 4«; y da; tr {8xH-\ y\) — y da; tr (c?^/i2 ^^2) • 

We see that the nonlinear terms of the VF- algebra made the transformation parameters 
£1 and £2 depending on the Toda fields and their derivatives, although only through the 
characteristic integral Wi. 

Similarly, introducing the quantity 

We-(t) = y"da; tr [£i(t, a;)>Vi(t, a;) + £2(t, a;)W2(t, a;)] , 

where the infinitesimal matrix-valued functions £1 and £2 satisfy the relations 

8-Ex = 8t£i - 8^ei = 0, 9_£2 = 8t£2 - 8^82 = 0, 
we come to the following expressions for the infinitesimal transformations 

5,r(i) = £1 r(^) - « £2 9+r(2) r^^)-^ r^^) - 1 9+£2 r^^) , (6.23) 
4r(2) = £1 r(2) - r(^)-^ £2 r(^) + ^ a+£2 r(^) . (6.24) 

The generators give rise to a closed algebra of the form (6.22), that can be found 
from the relations (6.10)-(6.12). Actually, we have 

{W^, Wp} = >V,(^,p) + C(/x, v), (6.25) 
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where 

+ K {d^p2 P2 - i>2 9xAt2) + «^ {[dlp2, i>2] - [9x^2, 8x^2] + [p2, 9^i^2]) , 

62{fl, y) = -[/il, 1^2] - [Ai2, i^l] - {^2 Wl U2 - 1^2 Wl fl2) - H ([Ai2, dxh'2]+ " [dxlJ'2, 1^2] + ) , 

C{fi, P) = -4k J dx tr {d^pi Pi) + 4:K^ J dx tr {dlp,2 ^2) ■ 

One can verify that the transformations (6.20), (6.21) and (6.23), (6.24) are symmetry 
transformations for the Toda system under consideration. Putting 62 = and 62 = we 
obtain the infinitesimal version of the transformations described by the relation (2.11). 



7 Non-abelian Liouville equation 

In this section we consider an example of a non-abelian Toda system associated with the 
Lie group Sp„(M). It is convenient for our purposes to define this Lie group as a subgroup 
of the Lie group GL2n(lR) formed by all matrices a e GL2n(IR) which satisfy the relation 

where the 2n x 2n matrix Kn has the form 



Jn 
-Jr, 



with Jn being the skew-diagonal unit n x n matrix. The superscript t as usually means 
the transposition. 

The Lie algebra sp„(lR) of the Lie group Sp„(R) is formed by all real 2n x 2n matrices 
X which satisfy the relation 

X^Kn + KnX = 0. 

Using for a general 2n x 2n matrix x block representation (2.4), we see that the above 
relation is equivalent to the equalities 

T T T 

•^11 — ■^221 ■^\2 ~ -^Vli ■^2\ ~ ■^2\i 

where for an n x n matrix x we have denoted 

Actually the matrix x^ is the transpose of the matrix x with respect to the main skew 
diagonal. 

Note that the matrix q defined by (2.5) belongs to sp„(M) and defines its Z-gradation. 
Consider the Toda system associated with this Z-gradation. 

One can verify that the Lie group Go in the case under consideration is formed by the 
block 2n x 2n matrices a of the form 



a — 



h 

(6^)-i 
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where b is an arbitrary element of GL„(R). Hence, the subgroup Go is isomorphic to the 
Lie group GL„(R), and the mapping 7 entering the general Toda equations (2.2), can be 
parametrized as 

where the mapping F takes values in GL„(R). The general form of the mappings a_ and 
a+ is again given by (2.6). Here the mappings A_ and must satisfy the relations (2.7) 
and 

Putting A_ — A+ — In we come to the following Toda equations 

a+(r-^a_r) = -{r^r)-\ (7.2) 

In the case of n = 1 the mapping F is just an ordinary function on M taking values in 
M^. If the function F is contimious, then it is cither positive or negative. For a positive 
function F one can write F = expF and the equation (7.2) takes the form 

d+d-F = -exp(-2F), 

that is the well-known Liouville equation. Therefore, it is natural to call the matrix 
differential equation (7.2) the non-abelian Liouville equation. 

The system under consideration possesses a WZNW-type symmetry 

F^A+FA_, (7.3) 

where the matrix-valued functions yl_ and yl+ satisfy the conditions 

d+A_ = 0, d_A+ = 0, 
A'^ = Az\ Al = A-\ 

It is also conformally invariant. Here the action of the conformal transformations on F 
is defined as 

r(^-, z+) ^ [9_r (^-)9+r (^+)]-^/^r(c+(z+), C{z-)). (7.4) 

The procedure described in section 3, leads now to the following matrix characteristic 
integrals 

-^^\d.{E_ + El) + E_EA, (7.5) 



w, = (r_ 




W2^ 


= ~ (r+ 


-^11 






s_ = F- 


-^d_F, 



(7.6) 



where 

Here we have 



E: = d:FF-\ 



W{^-Wi, W{^-Wi, W^^W2, Wl^W2. 
Therefore, in this case there are 2n^ independent characteristic integrals. 
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It is convenient to define the scalar product in sp„(R) as 

B{x,y) = ^ tr{xy). 

Taking into account the relations (4.10), (4.11), (7.5) and (7.6) we come to the following 
expressions for the nonzero components of the conformally improved energy-momentum 
tensor 

T:_ = ^tr [W^ -2W2\, r;+ = TT -2W2]. (7.7) 

Proceed now to the Hamiltonian formalism. It is clear that the matrices 



. -{eif ^ 
form a basis of the Lie algebra go and one has 

B{E^,E^) = 6l6i. 

Using the equality 

® e/ = (e/7 ® {e/f, (7.8) 

we see that the element C G go®0o is again given by the formula (6.1). Let us use for the 
mapping 7 the parametrization (7.1) and for the quantities j and j the parametrizations 

J \ - f J 



where the functions J and J take values in 0[„(]R). Now the relations (5.7)-(5.9) give 

{J{X) (8) J(x')}= - [Cn,In^J{x)]S{x-x')-2KCnS'{x-x'), 
{J{X) ® J{x')} = [Cn, In ® J{X)] 6{X - x') + 2fi; S' {x - x'), 

{J{x) (8) J{x')} = 0, 
and the relations (5.10) and (5.11) imply 

{r{x) ® Jix')} = - {r{x) ® /„) Cn Six - X'), 

{r{x) ® J{x')} = - Cn {r{x) ® In) S{X - X'). 

The Hamiltonian counterparts of the characteristic integrals Wi and W2 are 

Wi = J - J^, 

W2 = -JJ"^ - n {d^j + d^j^) + n^r-\r^)-\ 

To find the Poisson brackets for the characteristic integrals >Vi and we need to know 
the Poisson brackets between r{x), J{x) and r^{x), J^{x). They can be found in the 
following way. Let cr be a hnear operator on Mat„(R) acting as 

a{a) = . 
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Prom (D.l) it follows that 

{J{x) ® J^{x')} = (idMau(R)®(x)({J(a;) ® J{x')}), 

hence, we have 

{J{x) J^(x')} = [Cn, In J'^ix)] 5{X - X') - 2k C„ S'{x - x'), 

where 

Cn = (idMat„ (R) ®0')(C„) = Ci^ ® (c/)^- 

Note that the element C„ can also be defined as 

C„ = (cr (g) idMat„(R))(Cn) = (cj^)'^ O e/. 
Using this relation and the equality (7.8), we obtain 

{J^ix) (g) J{x')} = - [Cn, In ® Jix)] 5ix - x') - 2/€ (7„ 5' (x - x'), 

{J^{X) ^ J^{x')} - [Cn,I„ J^{X)] d{x - X') - 2KCnS'{x - x'). 

In a similar way we come to the expressions 

{r(x) (g) J^{X')} = - {r{x) (g) In) Cn6{x - x'), 
{r^{x) (g) J{x')} ^ - Cn {r^{x) (g) /„) 6{X - X'), 
{r^(x) J^(x')} ^ - Cn (r^ix) In) 5{X - X'). 

It can be verified that the element Cn satisfies the relations 

Cnia ® 6) = Cniln ® O^b) = Cn(6^a (g) In), 

(a (g) b)Cn = (In <8 ba^)Cn = {alF (g) /„)C'„ 

which are used in obtaining the Poisson brackets for Wi and W2. These Poisson brackets 
have the form 

{Wi(a;) ® Wi(a;')} = - [C, - C,, 4 ® - x') - An (C, - - x'), 

{>Vi(x) ® W2{x')} ^ - [Cn- Cn, In ® W2(x)] 5{x - x') 

-K[Cn- Cn, In ® >Vi(a;')]+ S' {x - x'), 

{W2{X) ® W2{X')] = {In m{x)){Cn + Cn){In ® >Vi(x)) S{x - x') 

- (In (g) Wi(x))(Cn + Cn)(In ® m(x)) 5(x - x') 
-^iCn + Cn, In ® d^W^ix)] 5{x - x') 

+ K[Cn + Cn, In ® (m(x) + W2(x'))]+ 5'(x - x') 

- « (/„ ® W,{x)){Cn + Cn){In ® m{x)) S' (x - x') 
-K{In^ Wi{x')){Cn + Cn){In ® >Vl(x')) S' {x - x') 

+ ^[Cn + Cn, In « {m{x) + Wi{x'))] S" {x - x') + 4k^ {Cn + Cn) S'" {x - x') . 
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Note that the first two expressions above can be obtained from the relations (6.7) and 
(6.8) replacing Cn by C„ — Cn- One can also obtain the third expression from (6.9) 
replacing C„ by C„ + C„. The same procedure can be used to obtain the Poisson brackets 
for the Hamiltonian counterparts of the characteristic integrals Wi and W2, which are 
of the form 

Wi = J - J^, 

W2 - -J^J + n {dj + 9, j^) + «;2(r^)-ir-\ 

from the relations (6.10)-(6.12). 

As follows from (7.7) the Hamiltonian counterparts of the nonvanishing components 
of the energy-momentum tensor are 

= ^ tr \y^l - 2W2] , = tr [w? _ 2 Ws] . 

The quantities V{x) and V(a;), defined by the relation (6.19), again give two copies of the 
Virasoro algebra: 

{V(x), V{x')} = - (V(x) + V{x')) 5\x - x') + I n 5"'{x - x'), 

{V{x), V{x')] = {V{x) + V{x')) 8\x -x')-'^n 5"\x - x'), 
{V(x),V(x')} = 0. 

They generate the conformal transformations (7.4). It can be shown that the character- 
istic integrals Wi(x) and yV\{x) have the conformal weight 1 with respect to V{x) and 
V{x) respectively. The conformal weight of the characteristic integrals 'W2{x) and yVi{^) 
with respect to V{x) and V(a;), respectively, is equal to 2. 

Wc will not write explicit expressions for the infinitesimal symmetry transformations 
generated by the characteristic integrals. They are similar to the transformations de- 
scribed by relations (6.20), (6.21) and (6.23), (6.24). Note only that the characteristic 
integrals Wi and Wi generate WZNW-type symmetry transformations given by (7.3). 

8 Conclusion 

We found the classical W^-algebras and the corresponding infinitesimal symmetry trans- 
formations for the simplest non-abelian Toda systems associated with the Lie groups 
GL2n(IR) and Sp„(]R). The block matrix structure of the systems under consideration 
results in the fact that the generators of the VF-algebras appear as matrix-valued quan- 
tities. Actually, it is this fact that gives us a possibility to write the defining relations in 
a compact form. 

To obtain the l^-algebras for the case of the Toda systems related to the Lie group 
Sp^(]R) one could also use the fact that the symplectic group is a subgroup of the general 
linear group, implementing the reduced phase space formalism. In such a case, one should 
work with the corresponding Dirac bracket. However, the calculations one should perform 
along that line of approach turn out to be more cumbersome than those we have done. 
So, the more direct approach to the problem presented here is certainly preferable, at 
least from a technical point of view. 
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It is worth to note that the generators of the VF-algebras obtained in the paper have 
the conformal spin 1 or 2. Nevertheless, we gain nonhnear defining relations. It is not 
usual for the theory of VF-algebras, although it was observed in the theory of ^-algebras. 
The latter are also extensions of the Virasoro algebra, but they allow for nonlocal terms 
in expressions for the Poisson brackets of generators [37, 38, 39, 40, 41]. It seems that 
they can be obtained from the VF-algebras for non-abelian Toda systems by imposing the 
constraints saying that the generators of the WZNW-type symmetry, Wi and Wi in our 
case, are equal to zero, but the explicit relationship requires further investigation. The 
main problem here is to determine the structure of the reduced phase space in the case 
when the group formed by the WZNW-type symmetry transformations is non-abelian. 

The work of A.V.R. was supported in part by the Russian Foundation for Basic 
Research under grant #01-01-00201 and the INTAS under grant #00-00561. 

A Coordinates and metrics conventions 

Let M be a two-dimensional orientable Riemannian manifold M with metric tensor 77 of 
index 1. Arbitrary coordinates on M are denoted by and for the partial derivatives we 
use the notation di = d/dz''. Starting from the local representation for rj, 

■q — rjijdz^ ® dz\ 

we define the quantities rf^ by 

and denote det \\riij\\ simply by r). 

In the paper we deal with a flat two-dimensional manifold M and use flat Minkowski 
coordinates 2;°, z^, such that the metric tensor is 

77= -dz^ ®dz^ + <lz^ ®<lz^. 

The light-front coordinates z~ and z'^ are introduced by the relations 

z- = \{z'-z'), z+ = l{z' + z'). (A.l) 

The inverse transformation to the coordinates z^ and z^ is given by 

z^^z' + z'^, z^^-z~ + z^. 
Using the light-front coordinates, we obtain for the metric tensor 

Tj = -2dz~ ®dz^ -2dz^ ®dz~. (A.2) 
The connection of partial derivatives is 

d-^do-di, d+ = do + di, 
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B Some information on matrix Lie groups 

Let G be a real matrix Lie group or, in other words, a Lie subgroup of the Lie group 
GLjv(M). Denote by some local coordinates on G and by g the matrix- valued function 
which transforms the coordinates y'^{a) of the element a E G into the element a itself. 
The left-invariant Maurer-Cartan form 9 can be written as 

e = g-\y)dg{y), 

where the matrix-valued function g~^ is defined by the equality 

9'^{y)9{y) = In- 

It is easy to verify that 9 satisfies the relation 

d9 + 9A9^0. (B.l) 

Using the basis of 1-forms dy'^, one can write 

= 9-\y)dM dy'' = 0^{y)dy'^, (B.2) 

where 9fj,{y) are matrix- valued functions on M. Recall that the Maurer-Cartan form is 
a g- valued one- form and therefore the functions ^^(y) take values in the Lie algebra g of 
the Lie group G. The relation (B.l) is equivalent to the equalities 

dMv) - Wy) + Uy)] = o. (b.3) 

Choose some basis {cq,} of g and denote by /"/37 the corresponding structure constants, 

[ea,e/9] = ejPap- 
Expand the functions 9^{y) over the basis {cq,}, 

0,{y) = ej'^^iy). (B.4) 
This gives the following representation for the left-invariant Maurer-Cartan form: 

9 = ej;{y)dy^. (B.5) 

The relation (B.3) imphes that 

d,9:{y) - dX.iy) + f%XW2iy) = 0. (B.6) 
Denote by X^{y) the functions satisfying the relation 

xMo:iy) = si^- (B.7) 

Note that the functions Xj^iy) are the components of the left-invariant vector fields 
Xa — X^(?/)(9^ on G. It is not difficult to see that (B.6) imphes 

Kiy) W(z/) - x^piy) d.Kiy) = x;{y)f\p (b.s) 

that, in terms of the vector fields Xa, can be written as 
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The right-invariant Maurer-Cartan form 

d^dg{y)g-\y) 

satisfies the relation 
Introducing the local expansion 

e = eJl{y)dy^, (B.9) 
we obtain for the functions 9'^{y) the following equalities: 

d,e:{y) - dj;{y) - f%,el{y)ei{y) = o- (b.io) 

The functions Xi^iy) defined by 

mvyo'iiy) = K (B.ii) 

are the components of the right-invariant vector fields X^, — on G. The equalities 

(B.IO) imply that 

d.^iv) - my) d.Kiy) = -my)f\0 (B.12) 

that is equivalent to 

Prom (B.2) and (B.4) we obtain 

X^g{y)=g{y)ea. (B.13) 

This means that the vector fields X^ are generators of right shifts in the Lie group G. 
Correspondingly, the equality 

Xagiy) = e^g{y) (B.14) 

tells us that the vector fields X^ are generators of left shifts. Now, using (B.13) and 
(B.14), we see that 

[X^,Xp\g{y)^Q 

that implies the equality 

[^a,^/3]=0. 

In terms of the components we present the above equality in the form 

x^aiy) d,my) - my) d.Kiy) = 0. 

Since we are working with a matrix Lie group G, the adjoint representation of G can 
be defined by the relation 

Ad{a)x — axa"^, 

and the matrix of Ad(a) with respect to the basis {e^} of g is defined by the equality 

Ad{a)ea = ep Ad^ a{cL)- 
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Consider the action of the left invariant vector field Xa on the matrix- valued function 
gep g"^. Using the equality 

Xo.g-\y) = -g-\y)X^g{y) g-\y) 

and the relation (B.13), we obtain 

Xa{g{y) epg~\y)) = g{y) e^g-\y)Pap- 

In terms of the matrix elements we obtain 

X^{Ad^ 0{g{y))) = Ad^ s{9{y))fap. 
It is not difficult to show that 

X^iAd-^ p{g-\y)) = -f\sAd%{g-\y)). (B.15) 
Recall that for any a & G the operator Ad (a) is an automorphism of g : 

Ad{a)[x,y] = [Ad{a)x, Ad{a)y]. 
In terms of components this equality takes the form 

Ad%(a)/V = Tec Ad^ /3(a) AdS(a). 

The right-invariant Maurer-Cartan form and the left-invariant one are connected by 
the relation 

= giy)eg-\y). 

Using (B.5) and (B.9), we obtain the equality 

Ad%{giy))^r^iy)X'piy). (B.16) 

Suppose that the Lie algebra q is endowed with a nondegenerate symmetric invariant 
scalar product. This means that there is given a bihnear mapping S : g x — > R, 
satisfying the relations 

B{x,y) = B{y,x), (B.17) 
B{[x,y],z) = B{x,[y,z]), (B.18) 

and the condition that if B{x, y) = for all y e g then x — 0. 
From (B.17) it follows that for the quantities 

Cap ^ B{ea,ep) (B.19) 

one has 

and the nondegcncracy of the scalar product B implies that the matrix ||ca^|| is invertible. 
Using the relation (B.18), one can show that the quantities 
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are totally antisymmetric with respect to the indices a, (3 and 7. It can also be shown 
that in the case under consideration 

r^a = 0. 

This equality implies that if the Lie group G is connected then it is unimodular. 

Actually we assume in the paper that the scalar product B is Ad-invariant. It means 
that for any a E G and any x,y E g one has 

B{Ad{a)x,Ad{a)y) = B{x,y). 

In terms of components and matrix elements we have 

c^s Ad'^ Ad'' fs{a) = Caf^. 

Using the equality (B.16), we obtain 

Ca^Wo^Ay) = c^pO':.{y)ot{y)- (B.20) 

The last expressions establish the bi-invariant metric tensor on the G-group manifold, 
related to the local coordinates y^. 

In construction of the action of the WZNW model one uses the three-form 

e = i B{e^{y), [OM, Op{y)]) ^y' a dy'^ A dy". (B.21) 

Using (B.3), one can show that this form is closed, but, in general, it is not exact. Locally 
for some two-form 

A = ^A^,(y)dy'^Ady^ 

we can write 

e = dA. (B.22) 

Taking into account (B.4), we have 

e» = ^ e'^^{y)et{y)ei{y)dy^ A dy^ A dyp, 
and the relation (B.22) implies 

d.KM'rd^M'rd.X^M = U-yO^M^^MOliy)- (B.23) 

C Current algebra 

To find the Poisson brackets for ja{x) write 

Taking into account equality (B.23), we obtain 

{7r^(x) + «A^,(e(x))9,e''(x),7r,(x') + «A,,(e(x'))9.r(^')} 

= -1^ fap, o^^{ax))e^Aa^))e;{ax)) d,e{x) 6{x - x'). 
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Hence, using the equalities (B.8) we find 

= -X^{^{x))[n,{x) + ^X^,{^{x)) d,e{x)] Pap 5{x - x') 

- Kc-yseii^x)) d,C{x) f\p6{x - x'). (C.l) 

It is easy to get convinced that 

{-X^(^(x))[7r^(x) + A^,(^(,t)) d^Cix)], Kc^seMx')) d,^"{x')} 

= ^^X^{i{x)) cpsWMx)) - d,el{i{x))]d,i'' {x) 5{x - x') - acc,^ 5\x - x'). 

Using the relation (B.6), we come to 

{-X[^{i{x))[K,{x) + K\,M^))d,iP{x)l nCpse'Mx'))d,^"{x')} 

= K c^s O'Mx)) d^C^ix) Pap Six -X')-K C^f, S' [x - x'). (C.2) 

Similarly we obtain 

{>^c^,e;{^{x))d,e{x), -X^p{^{x'))[n,{x') + KX,,{^{x'))d,^^{x')]} 

= K C^s d'Mx)) (^) PaP Six -X')-K C^p - x'). (C.3) 

Finally, the equalities (C.l), (C.2) and (C.3) give the relation (5.2). 

To find the expression for the Poisson brackets of ja we write the equality 

J« = - (X^(0 + « A^,(0 + K eiii) Ad'^ ^ig-') (C.4) 

which follows from (B.16) and (B.20). Now using (C.1)-(C.3) and (B.15) we obtain (5.3). 
In a similar way we arrive at the relation (5.4). 

D Algebra-valued functions on a phase space 

Let Ai and A2 be two unital algebras with the units l^i and 1^2- The Poisson bracket 
of an Ai-valued function F and an A2-valued function G on a symplectic manifold M is 
defined in the following way. Choose some basis {cq} of Ai and some basis {/j} of A2. 
Expand the functions F and G over the bases, 

F^e^F^, G^f,G\ 

Then the Poisson bracket of F and G is defined as an Ai (8) 742-valued function 

{F^G}^e^^fi{F",G'}. 

The Poisson bracket {F G} does not depend on the choice of the bases {e„} and {/«}. 
Introducing the linear mapping P from Ai ® A2 to A2 ® Ai defined by the relation 

P(a(8) 6) = 6® a. 
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we can reformulate the usual properties of the Poisson bracket as follows: 

{F ^ G} = -P o {G F}, 
{F (8) GH} = {F G}{1a, ^H) + {U, G){F ® H}, 
{FG i?} = (F ® ® i/} + {F H}{G (g) Uj. 

It is clear that P is an isomorphism of the algebras Ai A2 and ^2 Ai. The Jacobi 
identity for the usual Poisson bracket implies 

Pi3 o {F ® {G ® i/}} + P23 o {if ® {P ® G}}) + P12 o {G ® {// ® P}} = 0. 

Here P13 is the linear mapping from Ai <S) A2 <^ A3 to A3 (g) A2 (8) Ai permuting the first 
and the third factors: 

Pi3(a c) = c®h® a. 

The linear mappings P12 and P23 are defined analogously. 

Let ai be a linear mapping from an algebra Ai to an algebra Pi, and (T2 be a linear 
mapping from an algebra A2 to an algebra P2- It can be easily shown that 

{(7ioP G}= ((7i«)idAj({P G}), {P (72 0G} = (idAi®(72)({P ® G}). (D.l) 

E W-algebra calculations 

To obtain the expression for the Poisson bracket of Wi and 'W2 we find first 

{J^'\x)+J^^\x) ® J^^\x')J^^\x')} = - [G„, 7„ ® J^^\x)J^^\x)] 5{x - x') 

- 2k Cn {J^'^i^x') ® In) 5\x - x') - 2k{J^^\x') ® 4) Cn6'{x - x'), (E.l) 

{J^'\x)+J'^^\x) (g) -K{d,J^'\x') - d,J^^\x'))} 

= - [G„, In (9, - d,J^^\x))] S{X - X') 

- K [Cn, In ® {J^'\x') - J^'\x'))] 6' {x - x'). (E.2) 

Wc also need the Poisson brackets of J^'^^ with P^'')"^. To find them note that relation 
(6.5) implies 

{j^''\x) ® r^'\x')} = {In ® r^'-\x)) CnS{x - X') S'' . 

Writing now the relation 

{J^'\x) ® r^'\x')r^'^-\x')} = (4®p('')(a;)) Cn (In ® P(^)-'(x')) 5ix - x') S"-' 

+ {In (8) r^'\x')){j^'^\x) (8) r^'^-\x')} = 0, 

we obtain 

{ J('^H^) <f ^ - Cn {In (H) P('^)-^(X)) 5(X - X') 5-. 
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Using this equahty, we come to 

= - [CnJn® K''r^^^-\x)r^''\x)]5{x - X'). (E.3) 

Collecting the equalities (E.l), (E.2) and (E.3), we obtain the relation (6.8). 

The calculation of the Poisson bracket for W2 is more complicated. The main formulas 
used here are 

{J^^\x)J^''\x) ® J^^\x')J^^\x')} 

= - [Cn, {J^'\x) + J^^\x)) ® J^^\x)J^^\x)\ 5{X - X') 

- 2KCn {J^^\x') ® J^^\x)) 5\X - X') - 2KCn {J^''\x) ® J^''\x')) 5\x - x'), 
{J^'\x)J^''\x) ® -K{d,J^^\x')-d,J^^\x'))} 

= K [C„, 7„ ® J«(x) J(2)(x)]+ 5'{x - x') - 2k C„ ( J(2)(x) ® jW(x)) 5'{x - x') 
+ 2k'' Cn {In ® J^^\x)) S"{x - x') - 2k^ (4 ® J^^\x)) ^" {x - x'), 

{J^^\x)j'^'-\x) ® «2^«-l(2./)p(2)(^/)| 

= K^ {j^^\x) <8) r^^^-\x)r^^\x)) Cn 5(x - X') 

- Cn {J^^\x) ® r«-i(a;)r(2)(a;)) 5{x - x'), 

{-K{d,J^^\x) - d^J^^\x)) ® -K{d,J^^\x') - d,J^^\x'))} 

= K^ [C„, In ® (9, J«(x) + 9, J(2)(x))] 5'{x - x') 

+ k'' In ® {J^'\x) + J^''\x))] 5"{X - X') + 4«=^ Cn 5"' {x - x'), 

{-n{d^J^^\x)-d^J^^\x)) ® fi;2r«-i(x')r(2)(x')} 

= K^ [Cn. In ® rW-^(a;')r(2)(x')]+ 8'{x - x'). 

Using these equalities, after some rearrangement of terms we come to the relation (6.9). 
The relations (6.10)-(6.12) can be proven in the same way. 
Now we will show that 

{yVr{x) (8) Ws{x')} = 0. (E.4) 

For r — s — 1 this is a direct consequence of the equahty (6.4). For the cases r — 1, s — 2 
and r = 2, s = 1 we come to (E.4) through the relations 

{j'^^Kx) + j^^\x) ® /€2r(2)(x')r«-i(x')} = 0, 
{«;'rw-i(x)r(2)(x) (g) j^^\x') + j^''\x')} = 0. 

Finally, using the equalities 

{J^^\x)j^''\x) ® K^ r^^\x')r^'^-\x')} 

= k'' {j^^\x)r^^^-\x) ® r^^\x) - r«-i(a;) ® r^^\x)J^^\x)) 6{x - x'), 
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= - {r^^'>-\x)j^^\x) ® - r^^^-\x) ® j^^\x)r^^\x)) 6{x - x'), 



= 2k\ - r^^^-\x)d^r^^\x)r^^^-\x) ® r^^\x) + r^^^-\x) ® d^r^^\x))S{x - x'), 



we see that (E.4) is valid for the case r = s = 2 as well. 
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